The mass-varying neutrino scenario is analyzed for three trial quintessence potentials (Ferreira-Joyce, inverse exponential, and thawing oscillating). The neutrino mass is generated via Yukawa coupling to the scalar field which represents dark energy. The inverse exponential and oscillating potentials are shown to successfully generate the neutrino masses in the range m ∼ 10 −2 − 10 −3 eV and to yield the current dark energy density in the regime of the late-time acceleration of the Universe. Depending on the choice of potentials, the acceleration could occur in two different regimes: (1) the regime of instability, and (2) the stable regime. The first regime of instability is after the Universe underwent a first-order transition and is rolling toward the new stable vacuum. The imaginary sound velocity c 2 s < 0 in this regime implies growing fluctuations of the neutrino density (clustering). In the second regime, the Universe smoothly changes its stable states via a continuous transition. Since c 2 s > 0, the neutrino density is stable. For all cases the predicted latetime acceleration of the Universe is asymptotically very close to that of the ΛCDM model. Further extensions of the theory to modify the neutrino sector of the Standard Model and to incorporate inflation are also discussed.
I. Introduction
Understanding the origin of neutrino masses is one of the biggest questions in modern high energy physics and cosmology. Various experiments have conclusively established the fact that neutrinos have a small mass (see Sec. 14.1. of [1] ). Cosmological observations have put a stringent upper bound [2] on the total neutrino mass of about 0.12 eV, while the tightest bounds of 1.1 eV from kinematic measurements have recently been reported by the KATRIN collaboration [3] . On the other hand, lower bounds of 0.06 eV come from measurement of the squared mass difference in oscillation experiments (see Table 2 .1 and Sec 14 of [1] ). It is widely known that the origin of neutrino masses will hold a clue to our understanding of microscopic physics beyond the Standard Model of particle physics (see [4] for a pioneering reference; see also [5] [6] [7] , among others). Neutrinos are massless in the Standard Model of particle physics since there are no right handed neutrinos, and thus a large number of beyondthe-Standard-Model theories have been proposed to explain the origin of neutrino masses. These include the seesaw mechanisms, R-parity violating supersymmetry, and theories based on extra dimensions, among othersa comprehensive review is provided in [8] .
Another outstanding problem in modern cosmology is trying to understand the origin and properties of dark energy (DE), the hypothetical substance generally believed to be causing the observed accelerated expansion of the Universe. Current observations suggest that about 68% of the Universe is dominated by this mysterious form of energy [2] . Several authors propose that the accelerated * sayanm@andrew.cmu.edu expansion can be explained by a modification of the general theory of relativity (see [9] [10] [11] for some early work, [12] for a recent review, and [13] for updates on some developments). Within the framework of general relativity, there are two most popular candidates for DE, namely the cosmological constant (see [14] [15] [16] for reviews) and the scalar field DE, known also as dynamical DE (comprising of quintessence [17] [18] [19] [20] and phantom DE [21] [22] [23] [24] ; see [25] for a more detailed discussion on the classification and observational tests). The dynamics in the latter case is assumed to be similar to the scalar field dynamics purported to cause inflationary expansion of the early Universe (see [26] [27] [28] for the original works, [29] [30] [31] for reviews). In a recent work [32] , the authors have obtained observational constraints on various DE potentials.
A related puzzle is the coincidence problem -at the present epoch, the energy densities of dark matter (DM) and DE are of comparable magnitudes, and these are again comparable to that of cosmological neutrinos, within a few orders of magnitude. A lot of work has been done (see e.g., [33] [34] [35] ; a more up to date discussion is presented in [36] ) to understand the dark sector coincidence, and an extension was made to the case of neutrinos by Fardon, Nelson, and Weiner [37] (called FNW henceforth), followed by Peccei [38] . These works predict a time dependent mass for the DM particles and the neutrinos. In the FNW model a scalar DE field ϕ interacts with the fermionic field of neutrinos through a Yukawa coupling. This model, henceforth referred to as the mass varying neutrino (MaVaN) scenario, is promising to addresses the coincidence problem in the context of neutrinos [38] in addition to a straightforward explanation of the neutrino mass beyond the Higgs mechanism of the Standard Model.
FNW model, one of them being the strong instability of the DE-ν fluid due to a negative speed of sound, c 2 s < 0. Various authors have introduced more complexities into the model to get rid of the instabilities. Chitov, August, Natarajan, and Kahniashvili [41] (henceforth referred to as CANK) have taken this simple minimal FNW model with the Ratra-Peebles DE potential [17] and analyzed its evolution with the expansion (cooling) of the Universe in the framework of the finite-temperature quantum field theory. In this choice of featureless potential the neutrino mass arises from an interplay between the bosonic and fermionic contributions, locking the fermionic field around a non-trivial minimum of the thermodynamic potential. Their analysis predicted the existence of stable, metastable, and unstable phases of the combined DEneutrino fluid. In this approach, the instability mentioned by Afshordi et al. [39] is not an intrinsic flaw of the model. The vanishing velocity of sound is shown to be a physically consistent property of the model at the critical point of the first-order phase transition (known also as spinodal decomposition). It describes physically the characteristics of the Universe today in a way that is consistent with observations -the Universe is in an unstable phase below the critical temperature and slowly rolling towards the stable equilibrium (i.e., the true vacuum).
In their work, CANK had performed an analysis for a specific potential, namely the Ratra-Peebles potential (referred to as RP henceforth) [17] . In the present work, we extend the analysis to some more potentials, namely the Ferreira-Joyce potential, the inverse exponent potential, and a periodic potential. The rest of the paper is organized as follows: In Sec. II we present a brief overview of the formalism and notations. In Secs. III, IV, and V we present the analysis for the three different DE potentials. In Sec. VI, we present our conclusions and discuss the planned future extensions of this work. More technical details on derivations and short overview of [41] are given in the Appendices.
All throughout this work, we use the (+ − −−) metric signature, and the natural units = c = k B = 1. To avoid cumbersome notation, a few symbols are reused to denote analogous quantities for separate potentialsthese symbols are to be interpreted in the context of that potential.
II. Overview of the formalism
In this section, we introduce the FNW model [37] for mass varying neutrinos and review the salient features of the formalism developed in the paper by CANK [41] . The model consists of a scalar field ϕ which acts as the quintessence dark energy DE; this field has a potential U (ϕ). The neutrinos are described by the Dirac spinor field ψ with zero chemical potential 1 . The Universe is assumed to be described by the Friedmann-Lemaître-Robertson-Walker (FLRW) metric, ds 2 = dt 2 − a 2 (t)dx 2 where t is the physical time and a(t) is the scale factor of the Universe. This is related to the total energy density ρ tot and total pressure P tot by the Friedmann and the continuity equations [42, 43] ,
where the dot represents a derivative with respect to t.
The critical density at the present time is ρ crit,0 = 3H 2 0 /8πG = 8.4 × 10 −11 h 2 eV 4 , where H 0 = 100 h km s −1 Mpc −1 is the Hubble parameter at the present time. It is assumed that the energy density in matter (DM and baryons) accounts for about 30% of the total energy density, Ω D = ρ D,0 /ρ crit,0 ≈ 0.3, and the rest is in the DE-ν (the contribution from photons can be neglected at the present time, but is important at earlier times), Ω ϕν,0 = ρ ϕν,0 /ρ crit,0 ≈ 0.7.
The Lagrangian of the free Dirac field with mass M F is
where ✁ ∂ is written in the Feynman slash notation, i.e., ✁ ∂ ≡ γ µ ∂ µ , with the γ's being the Dirac matrices. Using the equilibrium finite-temperature quantum field theory [44] , the pressure P F and the free energy F F are found 2 to be
The Yukawa coupling between the scalar and the neutrinos is of the form,
g being the coupling constant. We can write the partition function in terms of an effective bosonic action S E eff (ϕ),
where,D
and S E B is the Euclidean action of the bosonic field ϕ. If the effective action S E eff (ϕ) is minimized at the constant value ϕ = ϕ m , which is the expectation value of the field ϕ m = ϕ , then from eq. (6) we see that the fermion gets an effective mass,
At ϕ = ϕ m , we can write,
. This is a saddle-point approximation, and it is self-consistent if the thermodynamic potential is minimized at ϕ = ϕ m ,
(9) Taking the derivative of eq. (8) at ϕ m , and using the first of eq. (9), we get the fermionic mass equation,
where ρ s is the scalar fermionic density (or the chiral condensate density),
The potentials are redefined with respect to their vacuum values, i.e., F F → F F −F 0 (which is equivalent to redefining P F → P F −P 0 with P 0 = −F 0 ) and ρ s → ρ s −ρ 0 with ρ 0 = −(m/π 2 ) ∞ 0 dp p 2 /ǫ(p). One can rewrite the integrals in eqs. (3) and (11) in a more amenable form by the substitution z = βǫ.
In what follows we adopt the notations for dimensionless parameters used in CANK:
where M is the mass scale of the potential, to be specified below for each case considered. In addition we set the dimensionless Yukawa coupling g = 1 in the following, which is equivalent to some rescaling [41] . Then we obtain
where
For the equation (10) to have a solution, the potential U (ϕ) should be decreasing, at least in some range of parameters. For all DE potentials satisfying the above condition, there are only certain ranges of parameters (phases) for which a viable solution for nontrivial minimum of F ϕν exists. The interested reader is referred to the end of Sec. III of CANK for a more detailed discussion. Some results for the RP potential are provided in Appendix A for comparison with our results for other potentials, and as a useful refresher. For all three quintessence potentials considered in this paper, as well as the RP potential, we find that the interaction between the fermionic and scalar fields results in new nontrivial minima of the coupled thermodynamic potentials.
Along with the fermionic mass defined above, we will need the mass of the scalar field. F ϕν (ϕ) is the finitetemperature counterpart of the effective potential known from the quantum field theory at T = 0, see, e.g, [45] . The mass of the field ϕ is defined as
Note that this mass contains the fermionic contribution which "renormalizes" the "bare" value due to the scalar potential contribution U ′′ (ϕ). The adiabatic sound velocity c s for the ϕν fluid is found from the definition
where P ϕν = −F ϕν is the pressure and ρ ϕν = U (ϕ) + 2NF π 2 ∞ 0 dp p 2 n F (ǫ) ǫ is the energy density of this fluid. In terms of κ we can write
The definition in eq. (16) yields [41] 
and κ is related to ∆ through the mass equation, eq. (10). For an arbitrary quintessence potential which can be written as a function of m/M ≡ κ/∆ and in the range of parameters where a non-trivial minimum satisfying eq. (10) exists, the equation for the speed of sound, eq. (19), can be written in the form most convenient for calculations as
κ m , determined from the minimum equation eq. (10), is the only explicitly potential dependent term in the above expression. The equation of state for the ϕν fluid is parameterized via
In the following we will need high-and low-temperature asymptotes of the above fermionic integrals. One can find
where K ν (x) is the modified Bessel function of the second kind. Similarly,
where γ is Euler's gamma constant. We will also need
III. The Ferreira-Joyce potential
This potential of the form
was proposed in [46] and discussed recently in [25] . In this work we do not preset the scales for M and M ϕ , and treat them as two independent adjustable mass parameters required to consistently yield the neutrino masses and the experimental value of the present DE density. 3 We define
Thus, in terms of parameters in eq. (12) we will be dealing with the dimensionless thermodynamic potential
The minimum (mass) equation, eq. (10), reads
We denote as κ m the value of κ which solves (29) and minimizes F R . As opposed to the case of the RP potential, the right hand side of the mass equation is ∆-dependent (compare with eq. (A2)). In Fig. 1 , we plot the integral I ∆ (κ) by choosing a fiducial value of λ = 0.3 and various values of ∆, and in Fig. 2 , we plot the thermodynamic potential in eq. (28) for the corresponding cases. The red curves denote the critical temperature (we call it ∆ = ∆ c ) when the local minimum of the potential F R disappears (and eq. (29) no longer has a nontrivial solution). The blue curves denote the stable phase ∆ < ∆ c , and the purple curve is after the phase transition, ∆ > ∆ c , when the minimum equation has no solution. For ∆ > ∆ c , i.e., in the unstable phase, the field ϕ rolls towards the global minimum at ϕ → ∞. The green curves denote the point of metastability, ∆ = ∆ 0 , when the pressure of the ϕν fluid vanishes (see To estimate the critical point, we first need to determine the local maximum of I ∆ ; the value of the integral I ∆ at this point should satisfy the mass equation eq. (29). Making the low-temperature approximation to I ∆ , we evaluate the critical quantities,
where B = 6 πe 2N 2 F 1/3 . Note that these are rough estimates, and for all our plots we use the exact numerical solutions. As for the RP potential, we can derive an approximate expression for the fermion mass for the stable phase ∆ < ∆ c . At very high temperatures T ≫ M the approximation I ∆ (κ) ≃ π 2 12 κ yields the fermion mass
and the mass of the scalar field in this regime is
It is easily checked that just as for the case of the RP potential (see eq. (65) of CANK), the fermion mass approaches the critical value as m c − m ∼ (T − T c ) 1/2 . Indeed near the critical point,
from which the above critical exponent is calculated in a straightforward manner. The scalar field mass vanishes at the critical point, since this is an inflection point of the thermodynamic potential. The masses m and m ϕ in units of M are plotted in Fig. 3 .
To analyze the sound velocity, we derive the explicit formula for
from eq. (29) and use it in eq. (21) . We find that everywhere at T > T c , including the stable and metastable massive phases c 2 s > 0 (w ϕν < 0 for the latter) the model is stable with respect to the density fluctuations.
At high temperatures ∆ ≪ 1 and κ m ≪ 1 one can find from eq. (21), using the asymptotes in eqs. (23),
Temperature dependence of the fermion and scalar masses for the Ferreira-Joyce potential with λ = 0.3 (24) , and (25) , that c 2 s ≈ 1 3 , as expected for a relativistic gas. The sound velocity decreases with decreasing temperature, and it vanishes at T → T + c . Qualitatively, the vanishing speed of sound is due to divergenṫ κ m at the critical point. Indeed, near the critical point
The sound velocity, therefore, drops to 0 at the critical point.
After the phase transition, there is no nontrivial solution of eq. (29) for the minimum, andκ m in the defining eq. (19) is absent. The stable solution is the global minimum of F R at κ → ∞, and from eq. (19) we formally obtain c 2 s = −1 at T < T c . The exact numerical calculation of c 2 s is plotted in Fig. 4 . Note however that the derivation within the equilibrium approach leading to the exact value c 2 s = −1 may be questioned for the temperatures T < T c . However the imaginary sound velocity below T c indicates correctly the physical effect of growing density fluctuations due to instability (also known as clustering according to Wetterich and collaborators [47] [48] [49] [50] ) which are expected to occur in a system going through the first order phase transition.
A. Dynamics after the transition
After the phase transition the evolution of the coupled ϕν model cannot be described by small oscillations around the stable solutions obtained by minimization, and its dynamics is governed by the equations of motion eq. (A5) coupled to the Friedmann equations. It was shown by CANK from numerical analyses that the exact numerical solution of the dynamics governed by eq. (A5) oscillates around the mean solution given by setting the right hand side of eq. (A5) to zero.
For the Ferreira-Joyce potential we get, following this analytic method,
where R = 1 + B/λ 8/3 . The mean ϕ after the transition, denoted byφ, is given by
where M 4 e −3/(R−1) is the energy density in the ϕν fluid at the phase transition. As in CANK, we set a value of one of the two independent parameters of the model, i.e., M , relating it to DE density at the present time ρ ϕ,now getting thus
where T now is the present temperature. We evaluate the current neutrino mass from
In Tab. I, we list the values of M and m now for various choices of λ. One can see that the reasonable neutrino masses consistent with the current DE density are obtained in the range of the model parameters M ∼ 0.2 · 10 −3 eV and M ϕ = M/λ ∼ 6 − 7 eV. In Fig. 5 , we show the relative energy densities of the various components of the Universe, and in Fig. 6 , we show the evolution of the equation of state parameter of the entire Universe. Note that as opposed to the choice of λ = 0.3 for the earlier diagrams in this section, we have now chosen λ = 0.01 (giving us M = 0.073 eV) purely for visual purposes. For completeness, we mention here that for a component I, the relative energy density is defined as ρ tot (z) is the total energy; similarly the equation of state parameter of the entire Universe is w tot ≡ Ptot(z) ρtot(z) . We note from Fig. 5 , as well as from eq. (37) that the ϕν fluid essentially behaves like a nonrelativistic matter component after the phase transition. Even though it leads to viable masses for neutrinos in a certain range of the parameter space, the Ferreira-Joyce potential is unable to produce an exponential expansion at late times. This rules out the use of this potential for the MaVaN scenario. 
IV. The Inverse exponent potential
Potentials like these were discussed by Caldwell and Linder [20] . We take it in the form, where M and M ϕ are two independent mass parameters, analogous to those for the Ferreira-Joyce potential. Using the dimensionless notations (12) and (27), the normalized thermodynamic potential is,
and the fermion mass equation becomes 4 ,
We plot the integral I ∆ (κ) for a fiducial value of λ = 5 and various values of ∆ in Figs. 7, and in Fig. 8 , we plot the thermodynamic potential in eq. (41) for the corresponding cases.
Since the analytical analysis of the minimum equation eq. (42) and related results for this potential are quite involved, we have relegated this material to the Appendix B. The outcome for the stable and metastable phases for this model are qualitatively similar to the case of the Ferreira-Joyce potential above. Analogous to eq. (33), we have,
where the approximate analytic expressions for the critical values on the right hand side are given in eqs. (B14) and (B15) respectively. As before, the fermion mass approaches the critical value as m c −m ∼ (T −T c ) 1/2 , while the scalar field mass vanishes at the critical temperature T c . The exact numerical solutions of the equations for the fermion and the scalar field masses are plotted in Fig. 9 .
To calculate the speed of sound we found 
A. Dynamics after the transition
Similarly to eq. (36) we can derive the expression for the critical scalar density,
where S = 2 7 + 7 2 e 7/5 (aλ 4 ) 1/5 ; the critical energy density is given by,
The mean solution for ϕ (about which the exact solution is expected to rapidly fluctuate, as mentioned previously) is given by,
As in the previous section, we make an estimate for M ,
and the neutrino mass at the present time, Finally, in Figs. 11 and 12 , we show the relative energy densities of the various components of the Universe and the equation of state parameter of the entire Universe. Again, we have changed the value of λ for these two plots, choosing λ = 200 for visual purposes.
Thus, the inverse exponent as a trial quintessence potential appears to be a viable candidate for the MaVaN scenario, including the late time accelerating era of the Universe.
V. The Oscillating Potential
This is a potential proposed in the context of thawing and pseudo Nambu-Goldstone models (see Ch. 7 of [25] for more details); the potential varies as cos 2 ( ϕ Mϕ ), where M ϕ is as above. To utilize it for the MaVaN scenario, we shift the original ansatz [25] to the form
In the dimensionless notations of eqs. (12) and (27) the thermodynamic potential reads We see that the w today is below −1/3, necessary for the accelerated expansion of the Universe.
while the minimum equation is
One can check that at high temperatures T > T c only a trivial solution of the minimum equation κ = 0 exists. It corresponds to the global minimum of the thermodynamic potential eq. (51) (see Fig. 13 ). In this phase the fermion field is massless m = 0, while the mass of the scalar field is found exactly to be
At the critical temperature (found exactly from eq. (52))
a nontrival solution of eq. (52) corresponding to a new global minimum of the potential eq. (51) appears, signalling a phase transition and the fermion mass generation. To analyze the nature of this transition we expand both sides of eq. (52) at T < T c to the order O(κ 2 ) and bring it with the help of eq. (24) to the form:
We infer from eq. (55) that along with the trivial solution κ = 0, a new root κ = κ c solves this equation at T = T c . The nature of this transition depends on the parameter λ. We define the borderline value λ * = 0.59 (N F = 3) such that C(λ * ) = 0, i.e., κ c (λ * ) = 1. As follows from the above equations, at
so the order parameter experiences a considerable discontinuity at the critical point, thus the transition is strongly of the first order.
In this work we are particularly interested in the choice
i.e., in a possibility to handle the entire MaVaN scenario with a single adjustable parameter M . In this case C(1) = 7.7 and
so the transition is only very weakly of the first order, i.e., almost continuous. Before presenting more results, let us first point out several qualitative differences between the ϕν model with oscillating potential and the cases of the RP [41] or the above exponential potentials. In the three latter cases the thermodynamic potential of the ϕν model develops a nontrivial global minimum starting at arbitrary high temperatures, i.e., fermions get massive from the start. The system evolves with the temperature (time) through the metastable phase (local minimum) to the critical point of instability, where the minimum disappears and the model must reach the new global minimum at ϕ → ∞ via a discontinuous first order transition. After the critical point, the equilibrium methods are inapplicable, and the model must be analyzed in the framework of dynamics or kinetics. The model coupled to oscillating potential develops a trivial global minimum at ϕ = 0, i.e., fermions stay massless all the way until the system cools down to T = T c . At T c the point ϕ = 0 becomes a maximum, while the new nontrivial minimum which appears at ϕ = ϕ c (or at κ c in terms of dimensionless parameters). It evolves smoothly and stays global all the way down to T → 0 (or t → ∞.) That is why we can use the equilibrium approach to deal with this case at all temperatures. The system stays locked near that minimum even after the thermodynamic potential becomes positive, i.e., the pressure becomes negative. The latter case, according to the standard thermodynamic wisdom [51] , signals metastability, even if the minimum is global.
In Fig. 13 we plot the thermodynamic potential F R (κ) at several temperatures T > T c and T < T c during the evolution (we set λ = 1). The point of metastability T • < 51), plotted for progressively increasing values of ∆. The blue curve is for ∆ < ∆c, the red curve corresponds to ∆c when the potential just starts to develop a minimum at κ = 0, the green curve is for ∆•, and the purple curve is for ∆ > ∆•.
In the inset, we plot some of these features more closely. The red and green curves are the same as before, while the blue and purple curves are plotted with slightly different values of ∆ for visula purposes. The brown curve denotes a stage after crossing Tc when the distinct nontrivial minimum can be seen.
T c where the potential at the global minimum vanishes was found numerically:
The subleading logarithmic corrections (55) modify the behavior of the order parameter. In the extremely narrow vicinity of transition T c − T ≪ T c and m − m c ≪ m c one finds m − m c ∝ T c − T , but this is hardly practically important because of eq. (59). (The fluctuations in the immediate vicinity of T c invalidate the mean-filed predictions anyway.) Further in the ordered phase near T c the following approximate behavior is found:
It is like the second-order transition order parameter, modified by multiplicative logarithmic corrections. Deep in the ordered phase at T ≪ T c the mass
is determined by the minimum of the scalar potential U (ϕ), up to exponentially small fermionic corrections. The mass of the scalar field near T c behaves as
Note that it has some (small, cf. eq. (59)) residual value at T → T − c , which is consistent with the fact that contrary to other potentials considered, T c is not an inflection point of the free energy for the case of oscillating potential. Deep in the ordered phase:
The numerical solution of the equations for m and m ϕ yields the results plotted in Fig. 14 At T > T c when the minimum equation eq. (52) is solved by the trivial root, the sound velocity eq. (19) is easily found
To analyze the temperature dependence of the sound velocity in the ordered phase, given by eq. (21), we use eq. (52) to derive
At small κ the above parameter grows as d log κ m /d log ∆ ∝ 1/κ 2 log κ. However some cancellations in (21) occur, and c 2 s does not vanish at T → T − c , but has a discontinuity. After some manipulations a very simple result for the limit can be found:
Using our formulas for the speed of sound deep in the ordered phase, one can recover the result of the classical ideal gas:
which can be also written (see eq. (62)) as
Since c 2 s > 0 at all temperatures, the model is stable with respect to the density fluctuations in the massless and massive phases, including the metastable temperature range T < T • < T c , where w ϕν < 0. The numerical results for the speed of sound are shown in Fig. 15 . To apply the oscillating potential for our Universe we need the current DE density to agree with the observed value ρ now ϕν ∼ O(M 4 ) with M ∼ 10 −3 eV. We identify the current temperature of the Universe with the cosmic background radiation temperature
The critical temperature T c = 2M , given by (54) with λ = 1 and N F = 3, thus we readily establish that the present Universe is in the regime T ≪ T c . As was discussed above, in this regime the fermionic contribution is exponentially small, and and the field settles in the minimum ϕ = πM/2λ to yield
Thus, at the present time the energy density
acts essentially as a cosmological constant with
and the mass parameter
The present mass of neutrinos is obtained to be
Note that without exponentially small fermionic contributions, the global minimum of the scalar field ϕ = πM/2λ would become just one of the infinitely degenerate minima of the oscillating potential (50) . As for the potentials above, we plot the relative energy densities and the equation of state parameter of the entire Universe in Figs. 16 and 17 , respectively. With the parameters chosen, the critical point T c = 4.62 × 10 −3 eV corresponds to the redshift These plots along with other results of this subsection confirm that oscillating potential in eq. (50) is a consistent choice for the MaVaN scenario.
VI. Conclusions and future directions
This paper extends the earlier work of Chitov et al. [41] by exploring the MaVaN model of Fardon, Nelson, and Weiner [37] for more quintessence potentials. The analysis is performed in the framework of thermal quantum field theory to derive a self consistent formalism for the generation of neutrino masses by starting with massless Dirac fermions coupled to scalar field DE. It is shown for several potentials, in line with the results [41] for the Ratra-Peebles potential, that the mass equation has a nontrivial equilibrium solution in certain temperature ranges (phases). The key results of the MaVaN model as presented here are: it is able to self-consistently generate neutrino masses and reproduce the observed late-time evolution of the Universe, asymptotically close to that of the ΛCDM model, which is the Standard Model of cosmology.
In this work, we have looked at the Ferreira-Joyce potential (26) , the inverse exponent potential (40) , and the oscillating potential (50) . For the first two potentials the temporal evolution of the solution of the mass equation is qualitatively similar to that for the Ratra-Peebles potential -it grows smoothly from 0 to the critical value at the point of the first-order phase transition. The Universe undergoes the following transition: the former minimum of the thermodynamic potential at a finite value of the quintessence field becomes an unstable inflection point, and the Universe evolves towards the doomsday vacuum at ϕ = ∞ (Λ-term). The thermal (temporal) evolution of the Universe around the stable minimum before the transition point is analyzed by the methods of equilibrium thermal theory, while after the transition the dynamics is described by the equations of motion. In both cases the ϕν model is coupled to the Friedmann equations.
The Ferreira-Joyce potential can be ruled out vis-à-vis the MaVaN model based on the late time cosmological evolution of the ϕν fluid. We see from eq. (37) that after the phase transition, this fluid behaves like a pressureless matter component with an equation of state parameter w ϕν = 0. This is also clearly seen in Figs. 5 and 6. Even though the mechanism can generate acceptable neutrino masses at the present time for a range of the parameter λ, it cannot lead to the currently observed accelerated expansion of the Universe. However, this suggests that the Ferreira-Joyce potential in the context of a MaVaN like scenario can turn out be a useful model for DM. We defer further investigation to a future work. On the contrary, the inverse exponent potential (40) passes these hurdles and is qualified as a viable DE potential for the consistent MaVaN scenario, along with the RP potential from the earlier work [41] The oscillating potential in eq. (50) turns out to be another consistent candidate for the MaVaN scenario. The latter, however has a qualitatively different behavior compared to the case of the exponential or the RP potentials:
• Contrary to other potentials which have two adjustable parameters each, the periodic potential is able to reproduce the observable data with a single (mass) parameter.
• In the range of parameters we are interested in, this potential results in a virtually continuous phase transition of the Universe at the critical point.
• Neutrinos are massless in the high-temperature phase until quite late times z c ≃ 18.
• After the phase transition the Universe does not lose stability, but smoothly evolves into a new global minimum, which remains stable at all times t > t c .
• Sufficiently far away from the transition point T ≪ T c , this minimum becomes infinitely degenerate, up to exponentially small fermionic corrections, suggesting then that quantum fluctuations could trigger tunneling to other minima, leading to finite jumps of the neutrino mass.
There is also another important difference in the Ma-VaN scenarios for these potentials. The instability after the critical point of the strong first-order transition predicts strong growing fluctuations of the neutrino density (neutrino clumps or clustering). The growing neutrino fluctuations have been studied in the literature quite actively [39, 40, [47] [48] [49] [50] [52] [53] [54] [55] ). However, to the best of our knowledge, there are no unequivocal experimental data which confirm or defy their existence. The present results for the oscillating potential (one can search also for the other ones with qualitatively similar model's behavior) open an interesting possibility to explore the MaVaN scenarios of two kinds: one with the instabilities and neutrino clustering, and the second one without these two phenomena. More work, especially numerical, needs to be done to fully explore the observable effects of these types of the MaVaN models on the expansion history of the Universe.
The models considered here are toy models of a single fermionic species coupled to the scalar field with different potentials. To get more realistic, we need to incorporate mass-varying neutrinos of different flavors in the Lagrangian of the Standard Model. A very preliminary work in this directions was done earlier by one of us in [56] . For each flavor of neutrinos the Lagrangian contains the left-and right-handed components of the Dirac field ψ as L D = m DψR ψ L + h.c., with the Dirac mass due to the Yukawa coupling to the neutral Higgs scalar, i.e., m D = g D H . In addition one can assume the existence of the right-handed Majorana neutrinos with mass m R and a mass term,
where the charge conjugation is defined as ψ c R = −ıγ 2 ψ * R . In the spirit of the MaVaN scenario, it was proposed [56] that the origin of the Majorana neutrino mass is due to the coupling to the DE (quintessence), i.e., m R = g ϕ . This proposal was first put forward by Shaposhnikov and collaborators [57, 58] in the framework of the so-called ν-Minimal Standard Model (νMSM) extension. The difference is that in the νMSM extension the right-handed neutrinos get their masses through the coupling to the inflaton field, and not the quintessence. The well-known seesaw mechanism [59] for the Dirac-Majorana action L D +L M leads to two eigen-masses of Majorana fermions for each generation of neutrino. The light particle is naturally identified with conventional (active) neutrino, while the heavy particle with a large mass eigen-value is a candidate for the DM particle (sterile neutrino).
It is an important direction for future work to extend the preliminary results for the RP potential, as obtained in Ref. [56] , to the other DE candidates, and, more importantly, to carry out detailed analysis of such MaVaN extensions of the Standard Model during the whole thermal history of the Universe. The problem of abundance, masses and the life-time of the DM particles would require more advanced quantum-field theoretic methods to apply [60, 61] .
It has been pointed out many times in the literature that too many scalar fields are not very natural. There have been efforts to relate, e.g., the Higgs field to inflaton [60, 61] . It is quite plausible that the inflaton and quintessence represent the same physical field analyzed at the different regimes of the Universe evolution. In this context it is very tempting to advance the present Ma-VaN theory back in time in the effort to incorporate the inflation.
ing and helpful discussions. T.K. and S.M. acknowledge financial support from NSF Astrophysics and Astronomy Grant (AAG) Program (Grant No. 1615940) and the Georgian National Science Foundation GNSF (Grant No. FR/18-1462). G.Y.C. acknowldges financial support from the Laurentian University Research Fund (LURF) and the Social Sciences and Humanities Research Council (SSHRC) (Canada). T.K. thanks ICTP for hospitality and acknowledges the support from the ICTP associate membership program. S.M. would also like to thank the Bruce McWilliams Graduate Fellowship for financial support.
A. Appendix: The Ratra-Peebles Potential
In this section, we briefly review the application of the FNW model to the Ratra-Peebles (RP) potential, due to CANK, with a few changes in notation. This potential corresponds to [17] ,
for some mass scale M , and α > 0. In terms of dimensionless quantities in eq. (12), the mass equation eq. (10) becomes,
The mass of the fermion will be T κ m , where κ m solves eq. (A2); this solution is the minimum of the thermodynamic potential,
This is plotted in Fig. 18 for various values of ∆. With appropriate approximations, the critical point is obtained to be,
After the phase transition, the equilibrium methods no longer apply and we have to go beyond the saddle point approximation and solve the full equation of motion,
where,
and a is the scale factor of the Universe related to the redshift z by a = (1 + z) −1 , and the evolution of a is given by the Friedmann equations. It is seen [41] that 
From the above, we can relate M to other quantities,
The mass of the neutrinos is calculated as m(t) =φ(t); in Tab. II of CANK, the values today are tabulated for various values of α. The mass ranges from O(0.01 eV) to O(10 eV).
B. Appendix: Mathematical calculations for the inverse exponent potential
In this section, we present some more detailed calculations for the inverse exponent potential. For that choice of U (ϕ) the normalized thermodynamic potential is given by eq. (41), and the fermion mass is determined by the minimum equation eq. (42).
With the large κ approximation we get, 
We see that κ ∆ m > 7/2 for all values of ∆/λ. The critical value of ∆, i.e., ∆ c , is the solution of,
where κ ∆ m is given by eq. (B2). The extremum condition
− κ ∆ m , and thus eq. (B3) can be rewritten as,
Let us call the LHS of eq. (B4) as C , and the RHS as f (2κ ∆ m ). The function f (ξ) has a maximum at ξ max = 7 2 , giving a maximum value of f (ξ max ) = 7 2e 7/2 ≈ 2.422. Now we have seen above that κ ∆ m > 7 2 (meaning ξ > 7); this implies, 
Eq. (B4), written as f (ξ) = C , can be solved as,
where W (x) is the Lambert W function. We can also write eq. (B4) as,
which can be inverted to give, (B9) We know that,
where A = 8π 3/2 NF e 7/2 = 0.448397 with N F = 3. Let us write the solution in eq. (B9) as a function ω,
Comparing with eq. (B2), we get,
We expect λ ≫ 1 (since U ∼ M 4 ), and therefore C ≪ 1 (see eq. (B10)); and we can thus approximate,
This tells us that ∆ λ ≪ ω, ω 2 , and thus from eq. (B12), we get ω ≃ 7 2 . From eq. (B13), we finally get the critical ∆,
Binomially expanding eq. (B2), and putting in the expression for ∆ c , we finally get, κ c = 7 2 + 2 7 e −7/5 (λ 4 A) 1/5 .
The expression for the mass of the scalar can be written,
where as before, κ m solves the mass equation eq. (42).
